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Abstract 

We consider the problem Au + V{x)u = f'{u) in M.^ . Here the non- 
Hnearity has a double power behavior and V is invariant under an 
orthogonal involution, with V{oo) = 0. An existence theorem of one 
pair of solutions which change sign exactly once is given. 
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1 Introduction 

It is well known that stationary states of Nonlinear Schroedinger equations 
lead to problems of the type 

-Au + Vix)u = f'{u), xeM^; 
Ev{u) < oo. 

where the energy functional is defined by 

Ev{u) = ]-f \\/u\^dx+]- f V{x)u^{x)dx- f f{u)dx. (1) 

We consider a function / e C2(M,M) even with /(O) = /'(O) = that 
satisfies the following requirements: 
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(/i) there exists fi > 2 such that 

< < f'{s)s < f"{s)s^ for all s ^ (2) 

(/2) there exist positive numbers Cq, C2,p, q with 2 < p < 2* < q such that 



Co\s\P < f{s) 
Co|s|« < f{s) 

\ns)\<c2\sr' 
\f"{s)\<c,\sr' 



for \s\ 


> 


1; 


for \s\ 


< 


1; 


for 


\s\ 


> 1 


for 


\s\ 


< 1 



(3) 
(4) 



where 2* = #^ 



7V-2' 

We assume V G L^/'^(R^) and 



\V\\,.n<S:= inf. (5) 



In the case of a single-power nonlinearity some paper has been devoted 
to the existence of positive solutions when potential V vanishes at infinity. 
Among others we recall [21 |6j and we quote the references therein. 

In pioneering work Berestycki and Lions [HI [12] showed the existence of 
a positive solution in the case V = when /"(O) = 0, / has a supercritical 
growth near the origin and subcritical at infinity. 

More recently in the papers [21 El El [101 HB] the double-power growth 
condition (/2) has been used to obtain the existence of positive solutions for 
different problems of the tipe ( ]^|) . In particular, in [8] the authors proved 
that if y > and y > on a set of positive measure the problem I\j3^\i has 
no ground state solution, i.e. there is no solution u of f l^p which minimizes 
the functional Ey on the Nehari manifold A/V, defined by 

Afy = {u e V^'^ : {VEviu),u) = 0,u^0} . (6) 

On the contrary there exists a ground state solution either if y < and 
y < on a set of positive measure, or V = 0. 

In this paper we are interested in the existence of sign changing solutions. 
Besides the difficulty posed by the lack of compactness we have another 
problem: there is no natural regular constraint for sign changing solution of 
problem To overcome this difficulty we consider the problem 

-Au + V{x)u = f'{u), xeR^; 
Ey{u) < oo; 
u{tx) = —u{x), 
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where r is a non trivial orthogonal involution that is a linear orthogonal 
transformation on such that r 7^ Id and = Id (Id being the identity 
on R^). 

We assume V{t{x)) = V{x). 

By the nontrivial orthogonal involution r on we can define a self 
adjoint linear isometry on "D^'^ which we also denote r. We define 

{ru){x) := —u{t{x)). 

If u{tx) = —u{x), it will be called r-antisymmetric. Note that non trivial 
antisymmetric solutions are changing sign or nodal solutions. Nodal solutions 
which change sign exactly once will be called minimal nodal solutions. 
We define 

^f^=Uy^\ Vl'^ where V].'^ = {u e V^'^ : tu = u}. 

The non trivial antisymmetric solutions of (^7) are the critical points of 
Ev on ATy 
We set now 

/iv = //y (R^) := inf Ev; = ^o(K'^) := mf ^0; (8) 

/i^ = /z^(R^) := inf = /x5(M^) := inf Eq- (9) 

We shall prove the following results. 
Theorem 1. IfV{x) > for almost every x, then 

and Hy is not achieved. Then the problem (^t ) has no solution of minimal 
energy. 

We consider the following class of potentials. 

- 1 \x — y\ < 1; 
Vy{x) = ^ a\x — Ty\ — 1 \x — Ty\ < 1; (10) 

elsewhere 

where a G R is chosen such that | |V^| |j;^jv/2 < 5, S' as in ([5]). We can prove the 
following existence result. 
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Theorem 2. For the potential Vy such that \y — Ty\ is sufficiently large we 
have that fiy < /ij and it is achieved. Then the problem ( B^t ) has at least 
one pair of antisymmetric solutions which change sign exactly once, and the 
energy of these solutions is minimal. 

We want to mention some recent work about sign changing solutions. The 
existence of a sequence of nodal solutions and some properties for the number 
of their nodal domains has been obtained in [5j considering the problem in a 
bounded smooth domain VL with V = and in [3] in with essinf ^ > 0. 

In [15] there is a theorem of multiplicity of solutions for the problem 
—^u + Vu = where V{x) and q{x) tend to some positive number 

Voo and ^oo respectively as |x| — )■ oo. However no precise information is given 
whether there are sign changing solutions or not. If = 1 and q{x) suitable 
chosen, with ||g — l||oo small, Hirano [TB] prove the existence of at least two 
pairs of sign changing solutions. 

In |l4j the equation —Am + Xu = \u\^ ~^tt, A > — Ai on a symmetric 
domain is considered and the effect of the domain topology on the number 
of minimal nodal solutions in studied. 

The plan of the paper is the following. 

In section [2] we recall some technical result concerning the appropriate 
function spaces required by the growth properties of /; the proof of these 
results are contained in [71 [H [10] . In section [3] we prove a splitting lemma 
which is a variant of a well known result of ; this lemma is the ingredient 
to handle the problem with lack of compactness. In section H] we prove our 
results. 

We will use the following notations 

• -u^ = max(0,'u); u~ = min(0,w); 

• ^ X'^'2(]R^) = completion of C;j^(M^) with respect to the norm 

1/2 



|u||x(i,2 = I / |Vu 



|2 



Vy{x) = v{x + y); 

Gv{u) = {VEviu),u) = j \Vu\^ + Vu^ - f'{u)u 

r 



9u{t) = g^it) := Evitu) = / -i\Vu\' + Vu') - f{tu)dx 



BR = {xeR^ : |a;| < R}; 
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Bniz) = B{z,R) = {x eR^ : \x - z\ < R}; 
= \ A, where A C M^. 



2 Variational Setting 

In order to study the functional Ey, by the growth assumption on /, is useful 
to consider the functional space LP + L'^, where 2 < p < 2* < g. Hereafter 
we recall some result contained in [71 [HI flO] . 

Given p ^ q, we consider the space + L'^ made up of the functions 
^; : R such that 

V = Vi+V2 with e L^, V2 e L'^. (11) 

The space + L'' is a Banach space equipped with the norm: 

IklUp+L" = inf{ ll-uilli^p + ||f2||L<j : Vi e LP,V2 e L'', Vi + V2 = v}. (12) 

It is well known (see, for example [13]) that + coincides with the dual 
of LP' nL«'. Then: 

LP + L^i = ( LP' n lA' with p' = q' = (13) 

\ / p — 1 Q ~ ^ 

We recall some results useful for this paper. 

Remark 3. Set r„ = G : \u{x)\ > 1}. We have 

1. if V & LP + L"^, the following inequalities hold: 



max 



1 

|^||L9(iRiVx,r,) - 1, r^rall^lU^Cr") 

1 + 1 r 



< 



< \\v\\lp+Li < 

< max[||v||i,(Riv^r,), lklUf(r„)] 
when T = — : 

2. let {vn} G LP + L'^. Then {vn} is bounded in Lp + L'^ if and only if the 
sequences {|r„„|} and {| k| |L9(RiVxr„„) + I I'^^l |Lf(r„„)} are bounded. 

3. we have L^* C + when 2 < p < 2* < q. Then, by Sobolev 
inequality, we get the continuous embedding 

V^'\R^) GLP + L". 
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Remark 4. If / satisfies the hypothesis that we have made in the previous 
section, we have that 

1. /' is a bounded map from Lp + L« into L^/p-^ n L'^/'^-^; 

2. /" is a bounded map from Lp + U into Lp'p-^ n L'?/^-^; 

3. /" is a continuous map from LP + L'^ into U'Ip~'^ fi L'^l'^^'^ . 

At last we recall some result on Nehari manifolds. For the proofs we refer 
to [HI [ID]. 

Remark 5. The functional Ey is of class and it holds 

l^Ev{u), v) = J VuVv + Vuv - f{u)vdx. (14) 
Moreover the Nehari manifold defined as 

ATy = |m G P^'K : j \Vu\'^ + Vu^ - f\u)udx = Q^ (15) 

is of class and its tangent space at the point u is 
T„A/V = |m G V^'"^ : j 2VuVv + 2Vuv - f'{u)vdx - f\u)uv = o| . (16) 



Remark 6. We have 



inf \\u\\t,i,2 > 0. (17) 



Proof. At first notice that, by [5] 

3c> s.t / |Vm|^ + Vu^ > c||m| 1^1,2, Wu G V^''^. 



Now, let {un} a minimizing sequence in A/y- By contradiction, we suppose 
that Un converges to 0. We set tn = ||Mn||Di.2, hence we can write Un = tnVn 
where ||fri||x)i.2 = 1. By claim 3 of Remark [3l the sequence is bounded in 
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LP + Since G My and t„ converges to 0, we have 

Ctn = J-\\Un\\l,l.2 < 7- / |VU„|^ + Vul = f /'(t„t^„)t^„ < 



V, 



\p 



Hence we get 



Vr 



IP 



and by claim 2 of Remark [3] we get the contradiction. □ 

Remark 7. We have that for any given u G P^'^ \ {0}, there exists a unique 
real number > such that t^u G A/V and Ey{t^u) is the maximum for 
the function 

Proof. Given 7^ we set, for t > 0: 

9u{t) = gl{t) := Ev{tu) = I ^^{\Vu\^ + Vu^) - f{tu)dx. (19) 
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We have: 



g'^{t) = J t\Vu\^ + Vtu^ - uf{tu)dx- (20) 
g'l{t) = j \Vu\^ + Vu^ -u^f"{tu)dx. (21) 
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By hypothesis on /, if g'^ii) = we have 

fg>^(i) = [ iuf'{iu) - Pu^f"(tu)dx < 0, (22) 



then t is a maximum point for gu- Furthermore = g'u(O) = ^'^(O) and 
9ui^) > by the hypothesis on V, then is a local minimum point for gu- 
By ([3]), for t > 1, we have 

guit) < J ^—{\Vu\'^ + Vu^)dx - Cq J \tu\'^dx-Co J \tu\Pdx < 



{\tu<l\} {\tu>l\} 

< I ^-i\Vu\'^ + Vu^)dx- Co I \tufdx< (23) 



{\tu>l\} 



< ^- J {\\/u\'^ + Vu^)dx~ cotP J \u\Pdx; 



{|«>1|} 

the last quantity diverges negatively as t — )■ oo, since p > 2, and the claim 
follows. □ 



We search antisymmetric solutions of ([^J). To do that, we look for 
critical points of the restriction of Ey to JVy. In fact, if it G N'y is a critical 
point of the restriction of Ey to JVy, then 

E'y{u)^ = {VEv{u),^) =0 V(/^ e TuAfy n Vl'\R^). 

But VEy(u) = rVEyiru) = rVEyiu), so we can see that VEy(u) = 0. 



3 A splitting lemma 

We recall that a sequence {un}n G 1^^'^ such that Ey{un) — )■ c, and there 
exists a sequence £„ -^^ s.t. \Ey{un)Lp\ < £„||(/)||, for all ip G V^'"^ is a 
Palais- Smale sequence at level c for Ey. 

In the same way we say that {un}n £ -f^y such that Ey{un) — )■ c, and there 
exists a sequence e„ — )■ s.t. \E'y{un)'fi\ < Enllv^H, fo'^ ^ Tu„Afy fl P^'^ 
is a Palais- Smale sequence at level c for iJy restricted to Afy. 

A functional / satisfies the {PS)c condition if all the Palais-Smale se- 
quences at level c converge. 

Unfortunately the functional Ey on Afy does not satisfy the PS condition 
in all the energy range. The following lemma provides a description of the 
PS sequences in Vl'^. 
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This splitting lemma is a fundamental tool to obtain the claimed results. 
The main idea of this result spread over a result of M. Struwe [T^] that 
described all the PS sequences for Ey on H^{Q) when f{u) = u\u\'^*~'^ and 
V{x) = \u 

Lemma 8. Let a PS sequence at level c for the functional Ey re- 

stricted to the manifold My. Then, up to a subsequence, there exist two 
integers ki,k2 > 0, ki + k2 sequences {yi^n, an antisymmetric solution of 
the problem —/\u + Vu = f'{u), and ki solutions , j = 1, . . . ki, and k2 an- 
tisymmetric solutions , i = ki + 1, . . . ,ki + k2, of the problem — A-u = f'{u) 
such that 

1. if j = 1, . . . , ki, then ryl ^ yl, and \yl\ — )■ oo as n oo 

2. if j = ki -\- 1, . . . , k2, then ryl = yl, and \yl\ — )■ oo as n ^ oc 

ki k2 

3. Un{x)=u%x) + j:[u^{x-yi) + ru^{x-yi)]+ ^ {x - yi) + o{l) 

j=l j=ki+l 

4. Ey{un) ^ ^y(M°) + 2 I: Eo{u^) + Eo{u^) 

j=i i=fci+i 

Proof. Since Un is a PS sequence for the functional Ey restricted to the 
manifold Afy, then Un is a PS sequence for the functional Ey. For Step 
1 of [H Lemma 3.3] we get that m„ converges to m° weakly in D^'^ (up to 
subsequence) and m° solves —Aw + Vu = f'{u). 

Since rM„ = m„, we have tu^ = In fact, if u„ ^ then, for every 

i? > 0, we have that m„ — )■ vP, so Un{x) — t- vP{x) for almost all x. 
We set 

1pn{x) = Un{x) - U°{x). 

Then rifjn = ifjn-, and ^ weakly in P^'^. By Steps 2 and 4 of [H Lemma 
3.3], we get that ipn is a PS sequence for £"0. li ipn ^ ^ strongly in D^'^, 
then by Steps 3 and 4 of [HI, Lemma 3.3] we get that there exists a sequence 
{in} C with |^„| — )■ 00 as n — )■ 00, and i)n{x + ^n) u^{x) where u} is a 
weak solution of —Aw = f'{u). 

We consider in = F © F"*", where F := {x G : t(x) = x}. 

We consider Pr the projection on the subspace F. At this point we must 
distinguish two cases 

Case I: if — t((^„)| is bounded we define y„ = Pvin- 
Case II: if — r((^„)| is unbounded we define y„ = ^n- 
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Case I In this case there exist a solution u G V^'^ \ {0} of — Am = f'{u) and 
a PS sequence {'ipn}n for Eq such that 



i/jn weakly in V ' , and 



(24) 



(25) 



We can assume, without loss of generality, that ^„ = PrCn + u), where 
w E T^. We now consider the sequence {i/jn{x + yn)}n which is bounded: 
hence, up to subsequence {ipnix + yn)}n converges to u{x) weakly in V^'"^, 
u{x) = u^{x — w) 7^ 0, then —Au = f'{u). Furthermore, because ri/n = Vn 
we have that tu = u. We define 



lljn{x) := iJnix) - U{X - y„). 



(26) 



We will verify that ifjn is a PS sequence for Eq. Indeed by Lemma 2.11 of 
[TU] we get 

Eoi^/Jn) = ^o(^n(a;) - U{X -y^)) = Eo{tpnix + Vn) " u{x)) = 

= Eoi^n)- Eoiu) + oil), 

and, because {"^nln is a PS sequence for £"0, we have that i?o('0n) converges, 
so Eoli/jn) converges, also. 

Again, since {i/jn} is a PS sequence, we have that exists an — such 
that, for all E 



(£o)'(V^n)M = j v^„v</^ - j Vu^yy^p - j f{iPn - M-,„^) 

[/'(^n(a;)) - f'{u{x-yn)) - f{il^n{x) - u{x-yn))]v{x)dx+er, 
Now we can choose an i? > and split this integral as follows. 



(i?o)'(^„)M 



[fitpnix + yn)) - f'{u)]^y^{z)dz + 



+ / [f{'^n{x + yn))-f\lpn{x + yn)-u)\LPyJz 

'^Br 



-Bf 



f'{u)ipy„- f\lpn{x + yn)-u)^yjz + en 



Bt, 



< 



< An ^n,R W^Wv^'^ + Bn Mr \ \(p\\vi.^ + ^nW^Wv^.^ 
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where 

An = ||r(^^„(- + Vn) + (1 - e)u) - neM- + Vn) - 0u)\\l./.-2; 
7n,R = Wi^ni- - Vn) " M||LP(Bfl); 

Bn = Wf'iM- + Vn) + Ou) - /"(6'M)||ip/p-2nL,/,-2; 
Mr = \ \u\\LP+Li{m-^Bii)i 

for some < ^ < 1. 

By [ini Lemma 2.11] we have that both A„ and Bn are bounded. Since 
Mr — )■ as i? — )■ +00 and, given R, jn,R — )■ as n — )• +oo, we get the claim. 
Case II In this case there exist a solution -u^ 7^ of —Au = f'{u) and a PS 
sequence {ipn}n C P^'^ for Eq such that 

i)n{^) = + '^^{^ - Vn) - v}{tX - Un) + o(l); (27) 

Eo(V^O = ^o(V'n) - 2Eo(tii) + 0(1). (28) 



We define i)n = i^n — 7i 



7n(x) = u (x - ?/„)x I \ - u [Tx- y„)x I , (29) 

\ Pn / \ Pn J 

where p„ := — )• oo for ?7, — i- oo, and, as usual, x '■ ~^ [^i -'-] ^ 
function such that x(s) = for all s > 2, x{^) = 1 fo^^ all s < 1 and 
|x'(s)| < 2 for all s. 

It is trivial that r7„ = 7n, so r^/^n = i^n- Furthermore, easily we have 

= + U^i^ - Vn) - U^{tX - yn) + 0(1). 

Now we have to prove ( 125]) . and to show that ■0„ is a PS sequence. 
At first we prove that 

= \\iJn-ln\?=\\M? + '^\W\? + 0{l). (30) 

In fact we have that W'lpn — 7n|P = ll'^nlP + ||7nlP ~ 2('0„, 7„)x)i,2, and it is 
easy to see that ||7^|P — )■ 2||«"'^|p. Furthermore 

(^n,7n)2?l.2 = j ViPnV (^\x - 2/„)x (^^) ) + (31) 



+ j V^„V [u\tx - yn)x (^^^)) 
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and the first term converges to J |Vtt^|. For the second term we have 



VV'nV ( u^{tx - yn)x 



Pn 



The last term of the equation vanishes when n — )■ oo, while, remembering 
that i/jn is symmetric, and setting z = tx — yn, we have 

{Vtpn{x)Vu^{TX - yn)) x{-)dx = 



{rVi^n{z + yn)^u\z))x 



z 

pn 



dz 



1|2 



SO we have proved fISUl) . 

We want now to estimate 



Set 



h 
h 
h 



\x-yn\<2f)n 



f ( l/jnix) -U^{X- yn)x 



n 



we have 



We have that 



/ {^i'nix) +u\tX -yn)x 

fornix)), 
{B(y„)2p„Ui3(Ty„)2p„}C 

/(V^„)=/l+/2 + /3. 



\x - yn 

Pn 

\rx - yn 

Pn 



tpn{z + yn) -u\z)x 



Z 

pn 



X ( — ) ^ in Pi'^ 

Pn . 



By [ini Lemma 2.11], then we have that 

h = f f(M^ + yn)-u\z)xO-^)) 

J\z\<2p„ \ \Pn J J 



fii^niz + yn)) 



z\<2pn 



fitpniz + yn)) 



z\<2pn 



f(u\z)x (-))+o{l) 

z\<2p„ V \PnJ J 

f{u\z))+o{l). 



(32) 



(33) 
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In the same way, because ifjn is symmetric, 



X 



in V^'\ (34) 



and 



\TX — yn\<2p 



fiM^))- / f{u\x))+oil). 



At last we have 



\x~y„\<2pn 



\TX-yn\<2p 

n 



+ j f{M^))-2j f{u\x)) + o{l)= (35) 

f{M^))-2 [ f{u\x)) + o{l). 



(36) 



From (l3Up and fl35p we obtain, as claimed 

Eoii^n) = Eo{^n - In) = ^o(^n) - 2Eo{u^) + o(l); 



furthermore, because {i/jn}n is a sequence for Eq, we have that EQ^ipn) — > c 
for some c G M. 

To complete the proof we must show that 



\{Eo)'{ll}ri)^\ < £n||V5||Di>2, 



where £„ — 0. Set 



fornix)) - f i tpn{x) - U\x - ?/„)x 



\x-yn\<2p 



\x - y„ 

Pn 



(37) 



ip{x)dx — 



V ( u^{x - yn)x 



\X - Vn 
Pn 



V(p{x) 



\TX - Vn 
Pn 



ip{x)dx- 



\TX-yn\<2p 



V ( u^{tx - yn)x 



ra; - yn\ 



I 



Pn 



V^{x) 



{B{y„)2p„UB{Ty„hp„}'^ 
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we have that 

\{Eo)\^Pn)v\ = ll + 11 + 11 (38) 

Immediately we have that < SnU^?!!; furthermore, we can estimate I\ as 
before, obtaining 



II 



\z<2pn\ 



fii^niz + Vn))-/' yipn{z + yn) - u\z)x 

f{u^x)vi.z + Vn) dz + e, 



Lp{z + yn)dz 



\z<2pn\ 



Setting 

we have 
l/il 



an{z) := iJn{z + Vn) - u\z) xl — ) , 



z 

Pn 



(39) 



[f'{u\ + an) - /'(an) - f\u\)] ifyjz + En 



Bo 



and, chosen an i? > 0, 



Bo 



+ 



[f{u\ + an) - f\u\)] ipyjz + 



^BR)nB2p 

n 



fiu X)^yudz- J f {an)^y„dz + En 

Using that /'(O) = at last we have 

< \\f"{u^X + dian) - f"{0ian)\\Lv/v-2(^N)\\'^\\Lv(^N)\\an\\Lv[BR) + 



+ \\f\an+9u\)-ne,u\) 1 1^^^^^ 

where < < 1. By Remark |4] we get 

\ll\<enM\v-.-- 



LP+L1 \\u^X\\lp+Li{BCI)+ 



(40) 



In the same way we can estimate |/^|, and this concludes the proof. □ 
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Remark 9. If e Ay is a Palais-Smale sequence of the restriction of Ey to 
Ay, that is Ev{un) converges and 

\E'y{Un)w\ < £n|k||2?i,2 G T^^Afv H V^'^ , 

where — > 0, then m„ is a Palais-Smale sequence for the functional Ey- 

This remark, combined with the splitting lemma, provides a complete 
description of the PS sequences in our case. 



4 The main result 

At this point we prove some technical lemmas. 

Let u e Afv, then m+ and u~ belong to Ay- Furthermore, if u is antisym- 
metric, we have Eyiw^) — Eyiw). So, if u e Ay, we get 

Ev{u) = Ev{u+) + Ev{u^) = 2Ev{u+) > 2MEv = 2//y. 

A/V 



This imphes that 



> 2/iy; (41) 
1^1 > 2^0. (42) 

Remark 10. We have fj,^ — 2fj,o 

Proof. We have to proof that Hq < 2hq. It is possible to find a sequence 
{uk}k C N'q such that Eo{uk) — > 2//o. So 

l^l < miEo{uk) < 2 HQ. 

k 

The construction of {uk}k is quite similar to the construction of {zk}k in the 
next theorem. So also the proof that Eo{uk) — )■ 2fXQ. Therefore, for the sake 
of simplicity, we omit the detailed proof of this result. □ 

We are ready now to prove the main lemma of this section 

Lemma 11. We have that (ly < 

Proof. We prove it by steps 

Step I We know that w exists such that jiQ = Eq{w). Let x(x) a smooth, 
real function such that 

r 1 S(0,1); 
^ \ \ S(0,3). 
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We also ask that xi^) = xd^^l) and that |Vx| < 1- 

Let {uk} C M.^ s.t. \yk\ — )■ oo and \T{yk) — yk\ oo- Let be defined as 



pk ■-- 



\r{yk) - Vkl 



6 

At last we define a function in D^'^ 



Zk = zl + zl (43) 



where 



4 = w{x-yk)x[^^y, (44) 

zl = -w{r{x) - yk)x (^^^j^y (45) 

Obviously we have that rzl = zf and rzf = zl, so Zk & Vl'"^ \/k. Furthermore 
z\ and zl have disjoint supports, so 

Ev{t ■ Zk) = Ev{t ■ zl) + Ev{t ■ zl) Vt > 0. (46) 

We know, from Remark [71 that it exists a > s.t. tk ■ zl E Afv- It's easy 
to see that, for such tk we have that tk ■ zl E My and tk ■ Zk E My. 

In the next we will prove that Ey{tkZk) — ?■ 2/io, when k — > oo. 
Step II We prove that ||2;fc(a;) — w{x — yk)\\v^^^ — )■ for A; — )■ oo. 

Set Wk := w{x - yk), and 7^ := (^1 - x (^^)) ' ^ave 



\zl{x) - Wk\\li,2 



= y |V [jkWkf < 2 j il\Vwk\^ + 2 j \V^k\^wl < 
J Pk J 



Pk 

\x-yk\>3pk pk<\x-yk\<3pk 

as A; — )• 00. 

Step III We prove that it exists c, C > such that c < < C for all k. 

By Remark [6l we know that, if t^zl G A/y, then it exists M > such 
that, for all k, M < \ \tkzl\\. Furthermore, for the above step 

II4II ^ Ikfcll = Ikll- (47) 
This implies that c exists such that tk > c > for all k. 
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For the other inequahty we must prove that 

V{x)wl{x)dx — )■ when k ^ oo, 
in fact, fixed an i? > we have 



(4^ 



Vwl 



< 



< 



\V\wl + 



\V\wl < 



\V\ 



|2 



N 



We have that 

w^'i^x - yk)dx 



. „ , — )■ as i? — 7- oo: furthermore 



w {s)ds < 



w^\s)ds, (49) 



Br 



.B. 



thus ||i(;fc||^2* — )■ as — oo, that proves 



lL2* 

Now set a function 



■.= Ey{tzl). 



(50) 



Obviously g^{t) = EQ^tw) = J |Vti;p — / f{tw). For Remark [7] we know 
that there exists a t such that g^f.i't) = 6'° (^) < for all k. We want to prove 
that, for k sufficiently big, we have also g^i{t) < 0. 



2 



I \Vzl\'-\Vw,\' + V{x){zlf]-lf{tzl)-f{tw,). 



By fl47p and by 0481) we have that the first integral of the right hand side of 
the equation vanishes when A; — )■ oo. We estimate the last term. 



fitzl) - fitwu) 



\x-yk\>Pk 



f tWkX 



Pk 



f{tWk) 



fiiw) 



|s|>Pfc 

/' 

\s\>Pk 

< i 

ls|>Pfe 



Ox 
wf 



Ox (- 
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so 



< t 



r 



tw 



X 



Pk 



- 1 



w 



\s\>Pk 



and the last term vanishes when A; — t- oo. In fact, for Remark HJ /' is bounded 

— > in L^*. So, for ko big enough, we 



in n and x ~ ^ 
have that 

3c, C G M+ s.t. < c < tfe < C , VA; > fco 
Step IV We want to prove that Ev{tkz\) — )■ /iq. We have 

\Evitkzl) - Ev{wk)\ = \E'y{9tkzl + {1 - 9)wk){zl - Wk)\. 

We know, for Step 2, that \\zl — WkWv^a — )■ 0. 
Furthermore 

\\Otkzl + (1 - 9)wk\ \ < \ \zl\\tk + \ \wk\\ 

that is bounded because tk is bounded and by Step 11. 
At this point by Remark H] we get the claim. 
We know also that 

Ev{wk) - /Uo = Ev{wk) - Eo{w) = Ev{wk) - Eo{wk) = 



(51) 



V{x)w 



2 fc— >oo 







for (gH]). Then 

\Ev{tkzl) - Pol < \Ev{tk4) - Ev{wk)\ + \Ev{wk) - po\ (52) 
as we wanted to prove. 

Conclusion We know that tkZk G A/y. Then 

Ev{tkZk) > Pv ■■= inf Ev{u). 



Hence 



Pv < EvitkZk) = Evitkzl) + Evitkzl) 2/io = pi 
that gives us the proof. □ 
We are ready, now, to prove the first result claimed in the introduction. 
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Proof of TheoremUi First, we prove that 

\/u e Afo 3t]^u e Afv s.t Eyitlu) > Eo{u). (53) 

In fact, by Remark [71 we have that for every u G Ao, there exist > such 
that t]^u G Afv- Then we have: 



Since V > we have that / Vu^ > and (VEo{t^u),u) < 0. Hence > 
t1 = 1. Let us observe that by ([2]) the function s f \f'{su)su — f{su)dx 
is strictly increasing, then, remembering that t^u G Afy, we have: 

Ey{tlu) = ]^jf'{tlu)tlu-f{tlu)dx> 

> I [ f'{u)u-f{u)dx = Eo{u). 



2 _ 

If "u G J^Q, we can prove in the same way that t^u G Afy and that 

Evitlu) > Eo{u) > ^l. (54) 

So 

inf EvM = inf Evitlu) > E,{u) > /xj. (55) 

Theorem [TT] provides us the other inequahty. 

Suppose now that there exists v G Afy such that fiy = Ey{v). We know 
that JV{x)v{x)'^ > and 

= (V^o(^^),^^) + j V{x)v{xfdx, 

so, consequently {\/Eq{v),v) < 0. Then, by Remark [TJ we get < tjf = 1. 
As said before, the function s i— )■ / ^f'{sv)sv — f{sv)dx is strictly increasing, 
so we have 

Eoivt) = J If'iOty - f{tlv)dx < j ]^f\v)v - f{v)dx = Ey{v) = /x-^ 
and we get a contradiction. 

□ 

Now we prove the following preliminary result. 
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Proposition 12. There exists a class of potential V{x) such that fiy < /ij. 

Proof. We consider the class of potentials defined in (fTOj) . We want to show 
that, when \y\ — )■ oo and \y — Ty\ — )• oo, then fiy^ < Hq. We prove it by steps. 

Take w G Aq such that Eq{w) = fio, w radially symmetric and w > (see 
[ini [m [I2J)- By means of lo, we define 

Zy{x) = w{x — y) — w{x — ry). (56) 

Step I We prove that, for \y — Ty\ — )■ oo, 

alyi^) J |Vw(x)|^dx + at^ j [\x\ - l]w^{x)dx -2 J f{tw{x))dx, 
where 

g^yit) = Ey^itzy) = J ^^i\Vzy\' + VyzD - f (t Zy) dx . (57) 

Now 

- iV^yP = - / \Vw{x-y)\'^+\Vw{TX-y)\'^+Vw{x-y)Vw{x-Ty). (58) 

After a change of variables, the first two terms are equals to ^ / iVti'p, and 
the last term vanishes. So we have that, for all t, 

^—j\Vzy\^^t^j\Vw\^ when I?/ - r?/! ^ CX3. (59) 

In a similar way consider 

jVyzl = a / {\x-y\-l)zl + a j (|x-ry|-l); 



\x—y\<l \x—Ty\<l 

12 



)zl 



= a j {\x — y\ — l)[w{x — y) — wi^x — ry)] + (60) 

\x-y\<l 

+a j {\x — Ty\ — l)[w{x — y) — w{x — ry)]^ . 

\x—Ty\<l 

By means of a change of variables we obtain 

{\x-y\-l)zl = j {\s\-l)[w{s)+w{s + y-Ty)f. 

\x-y\<l \s\<l 
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It is not difficult to prove that 

j {\s\-l)w^is + y-Ty)^0; (61) 

|sj<l 

j {\s\-l)wis)wis + y-Ty)^0. (62) 

|s|<l 

In the same way we proceed for the second term of the fl^O]) . obtaining 

— J VyZy — > at^ j (|x| — l)w'^{x)dx when \y\ — )■ oo. (63) 

kl<i 

We have to estimate now J f{tw). Fixed an > 0, we have 

fitZ,)= J fitZ,)+ J f{tZy)+ j fitZy). (64) 

Bniy) Bn(Ty) {BR{y)UBR{Ty))C 

For the first term we have 



f{tzy) = J f{tw{s) - twis + y- ry)) = j f{tw) + 

BR{y) Br Br 

+ / f'{etw{s) + (1 - 9)tw{s + y- Ty))[tw{s + y- ry)], 



B 



R 



for some ^ G [0,1]. 

Now, for Remark m we have that f'{6tw{x — y) + {1 — 9)tw{rx — y)) is 
bounded in n L'^ , in fact 6tw{x — y) + (1 — 6)tw{Tx — y) is bounded in 
and so in L'P + L'^. Furthermore, w{s + y — ry) — strongly in L^{Bji) 
when \y — Ty\ — )■ +oo. 

Concluding we get 

fitzy) = J f{tw{s))ds + h{R,y), (65) 

BR{y) Br 

where, given R> 0, Ii{R,y) — )■ when \y — Ty\ — )• oo. In the same way we 
can conclude that 

j f{tzy) = j f{tw{s))ds + l2{R,y), (66) 

BR(Ty) Br 
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where, again, given R> 0, I^^R.y) — ?■ when \y — ry| — )• oo. 

For the last term we have that there exist a, 9 E [0,1] such that 



f{tzy) = J f{tiwix~y))) + 

{Bn(y)yjBn(Ty))C {Baiy)UBR{Ty))C 

+ J f'{9t{w{x — y))—{l — 9)w{x — Ty))tw{x — Ty) 

{Bii{y)UBR{Ty))C 

f{t{w{s))) + 

+ J fmwi^ + Ty-y))-{l-9)wiO)tw{0- 

{BRUBii{Ty~y))C 

Now, 



< i\\f'i-)\\LP'nLi'{R^)\\M\LP+L'}{R'^-^BR)i (67) 



{BRVjBR{Ty-y))C 



and we use that | |if | |Di,2(iRiv^BH) goes to zero when — )■ oo and that | Ilp'oL'? 
is bounded by Remark HI 
At this point we have that 

j f{tZy) -^2 j f{w) when \y - Ty\ oo, (68) 

and we get the claim. 

Step II There exists a t < 1 such that 



t^'" — >■ t when \y — Ty\ — )• oo, (69) 



where t^l is the maximum point of g^y{t). 
We set 

^ e / IVM.)^.. + ju - - 2//(*.W)... (70) 

By Remark [7| there exists a unique maximizer t > for the function ^{t). 
We know that 

alit) = hw'- I f{tw) (71) 



2 
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reach its maximum for t = 1. Thus the maximum of the function 

cp(t) = 2gl{t) + at^ I [\x\ - l]w'^{x)dx (72) 



is achieved for t, with < t < 1. 

Given ti < i < t2, we can choose a 6 > such that 

max{ip{ti),ip{t2)} + 5 < ifii) - 6. (73) 

By Step I, for \y — Ty\ sufficiently large, we obtain 

gjyit,) < ^iU) +6<ipit)-5< g^^it). (74) 

By Remark [3, we know that gj^ (t) has an unique maximum point , thus 
we conclude that 

h < < h. (75) 

Since ti and t2 are arbitrarily chosen, we get the claim. 
Step III For \y — Ty\ sufficiently large we have 

^^v, < f^o- (76) 

We know that 

Evyit^: Zy) = g^^it,,) -> m for \y - ry\ ^ oo, (77) 
in fact, for all £ > we have that, for \y — Ty\ sufficiently large, 

< - 9l:ii)\ + \9l:{t) - m < e. 

By Step I the second term goes to zero when \y — Ty\ — )• oo. By Step II, 
't^l — t, SO, arguing as in Step I, we get the claim. We observe that 

ip{t) = i j iVw^r + aP j [\x\ - -2 j f{tw) < 
< 2Eo(iw) < 2^0, 
because i < 1 and Eq{w) = /io- By fl77j) we get 

fJ-v^ < Evyit^l Zy) < 2/io = /i^ ioi \y-Ty\ large enough, (78) 
that concludes the proof □ 
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Now we are ready to prove the second result claimed in the introduction. 



Proof of theorem O By the Splitting Lemma and the above Proposition, we 
get the existence of a minimizer for Evy, for the class of potential Vy defined 
by ffTU]) . when \y — Ty\ large enough. 

Let u be this minimizer. We know that u changes sign, because it is 
antisymmetric by construction. We have to prove that u changes sign ex- 
actly once. Suppose that the set {x G : u{x) > 0} has k connected 
components fli, . . . , Qk- Set 

( uj{x) xeQiUrQi] ,^g- 
* 1^ elsewhere 

For all i, Ui E -f^Vy- Furthermore we have 

i 

thus 



= Evy (u) = J2 Evy (u;.) > k^vy , (81) 



i=l 



SO k = 1, that concludes the proof. □ 
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